ABSTRACT The performance of tactical weapons inertial navigation system (INS) greatly depends on the accuracy and rapidity of transfer alignment (TA). The major challenge is the estimation of the attitude of INS rapidly and accurately, under the condition of random initial misalignment angles and launch time constraint in tactical scenarios. The objective of this paper is to derive a unified nonsingular alignment scheme for rapid TA at random initial misalignment angles, which transforms the alignment problem into the estimation of the relative attitude matrix between the master INS and slave INS. Employing the attitude matrix as estimate state, we formulate a unified nonsingular linear dynamics model allowing us to estimate the attitude matrix directly. Furthermore, the attitude matrix estimation algorithm has been extended to work in a state matrix Kalman filter (MKF) framework, which we call MKFTA algorithm. It works without any assumption on the misalignment angles. Finally, Monte Carlo simulations demonstrate that the MKFTA can converge within 10 s and exhibits a better transient and steady-state accuracy than the traditional scheme.
I. INTRODUCTION
Inertial navigation systems have been proven and widely used in military applications for weapon systems to meet essential requirement for the guidance and control, especially with the improvement of small-sized and low-cost INS. As a dead-reckoning method, the initial alignment error is the main contributor to the subsequent navigation error due to the average flight time being tens of seconds for tactical weapons. Therefore, how to achieve accurate, rapid, and robust initial alignment of INS is indispensable to improve the overall performance of tactical weapon systems [1] . For the low-cost INS, the noise threshold of gyros is too high to detect the Earth's rotation rate properly. In this respect, the initial alignment approach for high-end INS is not feasible for low-cost INS. A popular approach is to use an external aiding sensor to provide additional information as reference for transfer alignment. The transfer alignment has been investigated as one of the key technologies of tactical weapon applications for the last 30 years since 1989 [2] , and has given rise to numerous algorithms following two main approaches, namely, the optimization-based approach and the Kalman filter based approach. The first approach is a constrained least-squares, which is often referred to as Wahba's problem. To solve this problem, numerous algorithms are developed, such as the q-method, QUEST, and REQUEST [3] , [4] , which compute the optimal quaternion as the eigenvector of a symmetric 4×4 K matrix with the eigenvalue [5] - [9] . It is, however, difficult to implement in fine alignment, and it just serves as a coarse alignment scheme due to its inability to estimate anything other than the attitude quaternion [8] - [10] . The Kalman filter approach, on the other hand, became a common topic of research, and allows the estimation of parameters other than attitude by designing state space model [11] - [13] . The linear KF was successfully applied to many works for optimal estimation with small misalignment angles assumption [14] , [15] , but such assumption does not hold in many practical applications. In such cases, various ways were developed in order to meet the increasing demands of accurate and rapid alignment with large misalignment angles between the M-INS and S-INS. They are second order Extended Kalman Filter (EKF2) [1] , [16] , H ∞ filter [17] , adaptive incremental Kalman lter (AIKF) [18] , unscented Kalman filter (UKF) [19] - [22] and Particle Filter (PF) [23] - [27] . The problems of these approaches are well-known linearization effects and computational load resulting from the nonlinear filters [28] . Furthermore, some works aimed at improving the TA performance by taking into account the aircraft flexure and lever arm effect [29] - [31] , while others addressed the matching methods [2] , [15] , [32] . In the works mentioned hitherto, researches have been mostly devoted to the alignment vector model at large misalignment in terms of the Rodrigues parameters [1] , attitude quaternion [10] , [19] , and rotation vector [21] , which have led to the nonlinear model. Although there are six redundant elements in the attitude matrix, it provides the most convenient parameterization of orientation, and has the most attractive feature that the dynamics model of alignment is linear and nonsingular. Considering this advantage, a unified nonsingular model for rapid transfer alignment is derived without making any assumption on the misalignment angles, which is urgently demand for tactical weapon systems.
The classical Kalman filter was developed to operate on plants which are governed by vector differential equations [33] . As a result, the state vector KF is not naturally suited for the state matrix estimation. Therefore, we use a general state matrix Kalman filter (MKF) [34] for this plant, this is, a KF that provides an optimal estimation in the form of matrix. Compared with all previous works mentioned above, the main contribution of this paper resides in establishing a linear nonsingular matrix state-space model, where the matrix state is estimated under the MKF framework. With respect to our previous work [1] , two aspects are improved: the attitude matrix becomes the state and can be cast into a linear measurement equation. As a result, the proposed approach is truly unified transfer alignment model suitable for random misalignment angles and has no singularity (the Rodrigues parameters suffer from the singularity associated with the π rotation about the principal [1] , [35] ), which is a desired property for developing an automatic transfer alignment algorithm. Furthermore, the attitude matrix system equations are linear, which allows a straightforward estimation without computation of the Hessian matrix (as would be the case in [1] ). This is the main guideline that we keep in mind when developing the algorithm to get ''the best of both worlds.''
The structure of this paper is organized as follows. First, kinematic and actual measurement relations between master and slave INS systems that are located apart from each other are derived. A unified nonsingular model for rapid transfer alignment at random misalignment angles is designed delicately in the next section focusing on the dynamic equation and measurement equation establishment in terms of attitude matrix. A description of state MKF is given in the following section. Then, the performance of the alignment method is demonstrated and analyzed via Monte-Carlo simulations.
Meanwhile, comparison with existing methods and discussion of flexure effect have been presented, which can further highlight the performance of the developed method. Finally, conclusions are drawn in the last section.
II. KINEMATIC RELATIONSHIP BETWEEN M-INS AND S-INS
In a typical transfer alignment application, it is difficult to obtain accurate knowledge of the relative position and attitude of M-INS and S-INS. Hence, two navigation systems undergo different motion and their measured parameter are different from each other. In this section, we will look at the kinematics relations between M-INS and S-INS. It is further assumed that the lever arm is rigid, then equation (1) becomes
From the above equation, we can see that the specific force of S-INS can be computed from the outputs of M-INS. The second term on the right side of this equation is known as lever arm compensation, which is denoted as f i mc , then equation (2) can be rewritten as
As another inertial measurement of INS, angular rate information between master and slave systems in three directions can be found by using simple vector addition as follows: (4) where ω i ms represent the angular rate of S-INS with respect to M-INS defined in inertial frame of reference.
B. ACTUAL MEASUREMENT RELATIONSHIP OF SPECIFIC FORCE AND ANGULAR RATE IN INERTIAL FRAME
Before deriving actual measurement relationship of specific force and angular rate in inertial frame, we use the symbol i m to denote an auxiliary inertial nonrotating frame, which where ω m im (t) is the angular rate measured by gyroscopes of M-INS in the body frame. For M-INS, the sensor precision is much higher than that of S-INS, which means that error of M-INS will be ignored in rapid transfer alignment period.
Similarly, we see thaṫ
where the definition of inertial frame i s is similar to frame i m .
In the equation (6), assuming that the error ofĈ 
where the ε s , w s g are gyroscope biases and noise of S-INS, respectively. The 3×3 skew symmetric matrix (·×) is defined so that the cross-product satisfies a × b = (a×) b for two arbitrary vectors [5] .
According to the equation ( (11) From equation (9) and (10),we obtain (14) where ω s ms is the flexible angle rate, which is modeled as a second order Markov process [1] , [10] :
where ϑ = ϑ x ϑ y ϑ z T is the flexure angle, η = η x η y η z T is Gaussian white noise with the variance σ η = σ η x σ η y σ η z T , β = β x β y β z T is the model parameter correlated to correlation time τ i satisfies:
From Equation (12) and (13), it can be easily observed that the measured projection of M-INS and S-INS in inertial frame can used as a matching scheme for transfer alignment. In this respect, the next section is devoted to constructing a unified linear transfer alignment model with vector observations.
III. A UNIFIED NONSINGULAR RAPID LINEAR TRANSFER ALIGNMENT MODEL
In this section we will build a unified linear transfer alignment model with inherent biases in inertial sensors and flexible.
It is noticed that disturbed terms in equation (12) and (13), random noise, residue term of lever arm effects and the flexure angle rate, which corrupt the specific force and rate measurements will be attenuated due to the smoothing characteristic of integration process. The reduced measurement noise should improve filter performance in the estimation of misalignment angle.
The integration of the left-hand side of equation (12) over the time interval of interest is given below
Integrating the right-hand side of Equation (12) yields
Substituting equation (17) and (18) into equation (12) giveŝ
In the same way that equation (19) was obtained, integrating equation (13) on both sides over the time interval of interest, we haveˆ
in which
and
where the w s ms is residue term of flexure effects. Note that we found the equation (19) and (20) are derived without any assumption on misalignment. In other words, the integration matching formula can be written in the same form whether the misalignment angle is small or not. In this way, a unified rapid transfer alignment can be designed in inertial frame based on equation (19) and (20) . Next, a unified nonsingular rapid transfer alignment solution is proposed based on integration of specific force and angular rate matching scheme. In alignment process, the M-INS is required to output the angular rate and specific force at each sampling period in the alignment process, and moreover, the precise attitude at the end of the alignment.
A. UNIFIED ALIGNMENT MODEL BASED ON ATTITUDE MATRIX
For the S-INS, the initial alignment is a process that determination a coordinate transformation matrix form the body frame to the navigation frame n, namely the attitude matrix C n s (t), which can be decomposed into four parts at any time based on the chain rule of the attitude matrix as follows: Based on equation (17) and (18), we can design a matching scheme for rapid transfer alignment in form of attitude matrix representation, which transforms the attitude-alignment problem into a continuous estimation of the relative attitude between the M-INS and S-INS problem. Equations (7), (15), (17), (21), and (24) 
Assume that the bias gyroscope drifts ε s and accelerometer biases ∇ s are time invariant, i.e., (27) where w gk , w ak are zero-mean white Gaussian noise sequence.
Combining Equations (7), (15) , (17) , (21), (24) , (26) and (27) together, we obtain the dynamics model governed by the difference equation
The dynamics matrices, r k , r k in Equation (28) are defined as
where E i,j denote a 10 × 10 matrix with 1 in the element (ij) and 0 elsewhere.
B. MEASUREMENT MODEL
The measurement model is
where the observation matrices are
and the measurement noise covariance matrix is
C. STATE-MATRIX KALMAN FILTER UPDATE
Due to the existence of matrix in filter state, the filter update equations are not the same with the traditional vector Kalman filter, They can be summarize as follows, and readers can refer to [34] for more analysis and additional derivations. 1) Time update equations
2) Measurement update equations
(37)
where ⊗ denotes the Kronecker product [34] , K j,i k+1 is a 3 × 3 submatrix of the 30 × 6 matrix K k+1 defined by
and where ij denote a 2×10 matrix with 1 in the element (ij) and 0 elsewhere. It is well known that attitude matrix is an orthogonal matrix as it is a rotation matrix. Therefore, a good estimate of state is one that is nearly orthogonal. Hence we use a simple and popular orthogonalization solution called ''Optimal Brute-Force (OBF)'' orthogonalization [36] . In this method, once Kalman filter has computed the a posteriori estimate, C 
IV. MONTE CARLO SIMULATION RESULTS AND DISCUSSION
In order to assess the performance of rapid transfer alignment scheme based on matrix Kalman filter (MKFTA), a Monte-Carlo simulation has been performed in this section. We describe the results from 100-sample Monte Carlo cases represented by the sway maneuver under both the small and large misalignment angle cases. In the first case, the precision and speed performances of the proposed algorithm are compared with traditional rapid transfer alignment algorithm referred to RAP (Rapid Alignment Prototype) with VAM [2] . However, the RAP is valid only for the case where attitude errors are small enough, called the small misalignment model (SMM) here. And this condition is a limitation in applying the RAP in certain domains. In the second case, we apply UKF as in [19] to the transfer alignment with velocity and calculated misalignment angle matching based on nonlinear model called as the large misalignment model (LMM).
A. SIMULATION CONDITION
To simulate the local vibration by S-INS side, the flexure misalignment angle is modeled as a second order Markov process in equation (15):
Denote the variance of the flexure angle σ ϑ = σ ϑ x σ ϑ y σ ϑ z T . σ η , σ ϑ , β and τ have the following relation:
In the simulations, we set The misalignment condition is shown in table 2. The wind wave will cause pitch, roll, surge, sway and heave of the carrier. The generalized straight and sway motion can be described according to [19] :
Assuming that the precision of M-INS is much higher than that of S-INS
where θ, γ , ψ are the pitch, roll and heading, respectively; θ m , γ m , ψ m are the sway magnitudes; ω θ , ω γ , ω ψ are the sway frequencies; ϕ θ , ϕ γ , ϕ ψ are the initial phases of the motion. These parameters are listed in table 3. In the simulation, the initial state covariance matrix is set as follows, and the more analysis and additional derivations can be found in [34] .
where
B. SIMULATION RESULTS UNDER THE SWAY MANEUVER
The transfer alignment progresses are calculated using traditional state vector KF and MKF, respectively. 10 seconds swing data is used for rapid transfer alignment to validate the proposed method. The results are illustrated in Figures 1-4 and table 4, correspondingly.
The mean values of misalignment estimate error at each time step for the proposed scheme and traditional scheme are depicted in figures 1 and 3, as well as their respective ±3σ envelopes. As expected, the MC-mean almost coincides with 0 in the steady-state, which clearly shows the unbiasedness of the MKF.
The ±3σ envelope of proposed method are clearly narrower and stabilizing time than that of the traditional method. In order to compare the performance further, the RMS estimation error is compared in figures 2 and 4. A similar comparison was done in [10] and [19] , where we can see that the proposed scheme provides better RMS error performance than traditional method. Furthermore, figure 4 gives the results of our previous work [1] . It is known that the Rodrigues parameters have three parameters, as opposed to the six redundant elements of the attitude matrix. Accordingly, the estimation results of horizontal misalignment angles are slightly faster than MKFTA. It can be seen that the performances of the MKFTA and EKF2 are virtually identical due to the same matching scheme.
In order to examine the flexure effect, the RMS estimation error of misalignments for SMM and LMM, with and without the flexure compensation, are presented in Figures 5 and 6 , respectively. The presence of the flexure effect leads to obvious degrade performance for misalignments estimation. When without not considering the flexure effect, the estimator provides the worst results; namely, it has the slower transient and the higher steady-state. observable than the flexure angle rate. The proposed alignment method takes into account the flexure effect ensuring convergence rate and sufficient accuracy of misalignments estimation in both SMM and LMM. It is well known that S-INS suffers from the mechanical vibrations in operational environment and the specification is generally worse than laboratory conditions [38] . One remaining question is, how does the MKFTA algorithm perform under practice vibrations conditions, especially when applied to outer missiles on the flexible wing? In order to analyze the influence of the inertial sensors noise on the performance of transfer alignment, different levels of inertial sensor noise are taken into account, adopting the scheme in [38] . The RMS errors of misalignment estimation are presented in Figures 9 and 10 .
The figures show that the increased gyroscopes and accelerometers noise results in a decreased alignment performance and accuracy. Therefore, the sensor noise characteristics, which can vary with mechanical vibration, should be taken into account in the real system design and analysis. For best results, laboratory tests of the IMU under representative dynamics and vibration may also be conducted where suitable equipment is available.
As shown in figure 1-4 , compared with the traditional scheme, the accuracy is significantly higher. The numerical 
C. DISCUSSION
In this section, an extensive Monte Carlo simulation was performed in order to evaluate the availability of the proposed algorithm. Compared with the conventional method, it is apparent that the proposed scheme performs better not only at the beginning of the estimate, but also in steady state. For the proposed transfer alignment scheme, we have held the following statements.
• We proposed a unified nonsingular model, without the need to know the relative orientation relationship of M-INS and S-INS, and there is no singularity problem at any orientation of the rigid body, since we derived the alignment model in form of attitude matrix without making any assumption on the misalignment angle.
• The estimation performance of proposed scheme is better: the transition phases are shorter and the steady-state errors are smaller. The Monte-Carlo means and standard deviations of all the misalignment estimation error in the proposed scheme are much more damped. Thus, the proposed scheme meets the rapidity and accuracy requirements for tactical weapon transfer alignment at the same time.
• The derivation of the MKF shows that it is a direct generalization of the classical vector Kalman filter. The computation cost of proposed linear MKF based alignment scheme is similar to that of the standard linear KF, VOLUME 6, 2018 which means that the proposed scheme has lower the filter computational burden than traditional UKF. Besides aforementioned characteristics, no prior information of the initialization values is needed for proposed scheme, whereas, the traditional method needs the process with a 'one-shot' transfer of data from the M-INS. On the other hand, by taking the flexure angle and rate as estimate items, the proposed method improves the transfer alignment accuracy.
V. CONCLUSION
The rapid and accurate transfer alignment is vitally important for S-INS, which influences the performance of S-INS largely. Based on attitude matrix representation, this paper proposes a unified model under arbitrary misalignment angles for transfer alignment based on integral of specific force and rate matching, which is derived from the traditional acceleration and rate matching. Furthermore, we implement MKF for this plant. The update process is similar to the standard linear KF, and the computational savings can be significant in contrast to the traditional nonlinear filter. As a result, the state estimate would be as straightforward as that of the attitude matrix, and not need to be extracted by some numerical method [5] - [7] .
Monte-Carlo simulations with sway maneuvers under both small and large misalignment angle cases are conducted to evaluate the proposed transfer alignment algorithm. Simulation results demonstrate that the proposed transfer alignment scheme can be accomplished within ten seconds, and even less than 1 mrad accuracy can be achieved whether the initial misalignment is small or large. Furthermore, the proposed scheme presents greatly improved performance (compared with the traditional KF for linear model in accuracy and UKF for nonlinear model scheme in the computation cost). 
